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Stability of Solutions of First-Order Impulsive
Partial Differential Equations

Drumi Bainov,! Zdzistaw Kamont,> and Emil Minchev3
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Theorems on stability and asymptotic stability of solutions of impulsive par-
tial differential equations of first order are proved. These results are obtained
via the method of differential inequalities and via the method of Lyapunov
functions.

1. INTRODUCTION

Many evolution processes are characterized by the fact that at certain
moments of time the parameters of the system are abruptly changed. An
adequate mathematical apparatus for simulation of these processes and
phenomena is the theory of impulsive differential equations. Numerous
applications in theoretical physics, population dynamics, impulse tech-
niques, biotechnology, robotics, etc., have led to its rapid development in
recent years (Bainov ef al., 1989).

More recently the theory of impulsive partial differential equations has
begun to emerge (Erbe ez al., 1991; Rogovchenko, 1988; Rogovchenko and
Trofimchuk, 1986). This new theory gives greater possibilities for mathe-
matical simulation of the above processes. The authors believe that it will
undergo a rapid development in the coming years.

In this paper we consider the stability and asymptotic stability of
solutions of impulsive partial differential equations of first order. We
employ the method of differential inequalities and the method of Lyapunov
functions.
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2. PRELIMINARY NOTES
Suppose that
o={(0,...,a,) R,.—R"
B=(....B): R, —~R"
are given functions and

a(x) < B(x) for xeR,

For two vectors x =(x,,...,x,)and y =(y;,...

ityx<ymean x;<y,i=1,...,n

Bainov et al.

, V) let the inequal-

Let
E={(x,y)eR"*" xeR,,ux) <y < f(x)}
Assume that

0=x0<x|<x2<"‘<xp<"'

are given numbers such that lim, , ., x, = .

We define
sz{(x,y)eE:xk<x<xk+1}, k=0,1,...; F"——-U rk
k=0

Let C;,p[E, R] be the class of all functions Z: E — R such that:

(i) The functions Z|r,,k =0, 1,..., are continuous.
(ii) For each k, k =1,2,..., x = x;, there exists

lim Z(t,5)=Z(x",y), a(x) <y < B(x)

t.8) > (x,)
t<x
(iii) Foreach k, Kk =0,1,..., x = x,, there exists

im Z(t,5) =Z(x",y), ax)<y<px)

R
(iv) For each k, £ =0,1,..., x = x,, we have
Zx, ) =Z(x",y), ax) <y <px)
For a function ZeCi,,[E, R] we define
AZ(x4, y) = Z(x4, y) —Z(xg , ), yelulxe), Bx)l, k=1,2,...
Suppose that
f: ExRXR"->R, ¢: [2(0), f(0)] = R, g: ExR-R

are given functions.
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We consider the initial value problem (IVP)

Zx(x: J’) =f(x’ ¥, Z(x, y)s Zy(x’ y)) (1)
Z0,»)=¢(y),  ye[x(0), f(0)] 2
AZ(x, y) = g%, ¥, Z(x, ¥)),  yela(x,), BCxi)] 3

where k=1,2,...; Z,=(Z,,,...,Z,).
Definition 1. A function Z: E— R is a solution of IVP (1)—(3) if:

(1) ZeCyplE, R}, there exist derivatives Z,(x,y) and Z,(x, y) for
(x, y)eI', and Z satisfies (1) on I.

(i) Z satisfies (2) and (3).

Let

S =kL=)0 {00 N [(xks Xic 4 1) X R}

A function Z € G, [E, R] will be called a function of class C},,[E, R] if
Z has partial derivatives Z,(x, y) and Z,(x, y) for (x, y) €I and there exists
the total derivative of Z on S.

We define functions I, I, , and I_ as follows. For each point (x, y)eE
there exist sets of integers Ii[x, y], 7, [x, y], and 7_[x, y] such that

Lix, ol [x, yiol_[x,y]={1,...,n}

and
yi=a;(x) for iel_[x,y]
;= P;(x) for iel, [x,y]
o, (x) <y, < Bi(x) for ielyx, y]
We define

Pk=(xk’xk+l)a k=0,1,...; P=UPk
k=0

Let Cy,p[R ., R] be the class of all functions W: R, — R such that:

(i) The functions W|,,k, k=0,1,..., are continuous.
(ii) For each k, k =1,2,..., x = x;, there exists
Him W(t) = W(x ™)
< X
(iii) For each k, k=0,1,..., x = x;, there exists
lim W(5) = W(x*)
t—x
> X

(iv) Foreach k, £ =0, 1,..., x = x;, we have W(x) = W(x™).



1362 Bainov et al.

We adopt the following definitions of stability:

Definition 2. The trivial solution U =0 of IVP (1)—(3) is said to be
stable if for every e >0 there exists 6 =d(e) >0 such that |¢p(y)| <,
y €[a(0), B(0)] implies

|Ux, »)|<e on E

Definition 3. The trivial solution U =0 of IVP (1)-(3) is said to be
asymptotically stable if:

(i) It is stable.

(ii) There exists a positive number J, such that for every ¢ >0 there
corresponds X{(g) such that |p(y)| < &y, y €[(0), B(0)], implies |U(x, y)| <e
for x = X(g), a{x) < y < B(x).

We introduce the class of functions K.

Definition 4. A function a belongs to class K if aeC(R,,R,),
a(0) =0, and a is strictly increasing on R, .

3. MAIN RESULTS
3.1. Estimates by Solutions of Ordinary Differential Equations
We introduce the following assumptions:

Hl: 6eC(R,. xR, ,R,).
H2. §eC(R,. x R,,R,) is such that

Y(p) =p +6(x, p)
is nondecreasing on R, .
Lemma 1. Suppose that the following conditions hold:

1. Assumptions H1, H2 are met and ¢ € Ci,,p[R ., R].

2. ¢(0) <no, moER,.
3. w(:, 15): R, = R, is the maximum solution of the problem

W'(x) = o(x, W(x)), xeP 4)
W(0) =1, (5)
Wi(x,)=W(xp) + 6(x,, W(xp)), k=1,2,... (6)

4. For xeP we have

Z_¢(x) < o(x, p(x)) (N
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where 2 _ is the left-hand lower Dini derivative and

(p(xk) < (P(xk_) + 6(X, (P(xlz))a k=12,... (8)

Then we have

o(x) Sox;M), xR, )
We omit the proof of Lemma 1.
Introduce the following assumptions:

H3. «, feC(R,, R™) and «|,, and B|,, k=0,1,..., are of class C'.
H4. For xeR, we have a(x) < f(x).

Theorem 1. Suppose that the following conditions hold:

1. Assumptions H1—H4 are fulfilled.
2. feC(E x R x R", R) and

fx,p,p.q)signp— Y aj(x)|g]

iel _[x,y]

(10)
+ ) ]ﬁé(x)lq,-l <o(x, |p)

el L ix,y

where ¢, =0 for iely[x, y].
3. For (x, y)e E we have

f(x,5,0,00=0, g(x,»,0)=0
a(x,0) =0, 6(x,0)=0
4. For (x, y,p)eE x R we have
lg(x, y, p)| < 6(x, |p)) (1

5. The maximum solution of (4)—(6) is defined on R .

6. The function @eC([x(0), f(0)], R) and any solution U of IVP
(1)—(3) is of class C}, [E, R].

Then, if the trivial solution of problem (4)—(6) is stable (asymptoti-
cally stable), then the trivial solution of IVP (1)—(3) is stable (asymptoti-
cally stable).

Proof. Suppose that the trivial solution of (4)—(6) is stable. Then for
each ¢ > 0 there exists 6 = é(¢) > 0 such that if 5, < 8, then

welx; 1) <, XeR,

where wq(- ; #p) 18 a solution of (4)—(6).
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We prove that if |U(0, y)| < n, and y e[«(0), B(0)], then
UG, p)| € olx; m0)s (%, 9)€E (12)

o(* ; 1o) is the maximum solution of (4)-(6).
We define the functions

@(x) =max |U(x, )|
yeSy

M(x) =max U(x, y)

yeSy

N(x) = max (= U(x, )

where S, = {y: (x,y)€eE}, xeR,.
Now we prove that ¢ satisfies

D_o¢(x) <o(x, 0(x)), xeP (13)

Suppose that XeP. It follows that there exists je[a(X), f(X)] such that
either

oX)=MRX)=UR.7), D_oF <2 M3F) (14)
or
¢(X)=NEX) = -UK, ), 2_¢F <2 NRX) (15)

where 2 ~ is the left-hand upper Dini derivative.
Assume that (14) holds.
If (%, j)elnt T, then

U, »=0
and
9 ~M(x) < UJX, p) (16)
Then we get from (14) and (16) that
2_ (%) < UX, §) =f(%, J, U, J), 0) sign U(X, y)
<o(X, ().
If (X, 7) €S, then we have
U, X NH<0 for iel_[%,7]
U, (X720 for iel, [X%,7] )
U, (%, 7)=0 for iely[%,j]
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Let &(x) = U(x, r(x)), x€[0, %], where r =(ry, ..., r,) is defined by
r(x) = a;(x), iel [%, ]
ri(x)=p(x), iel,[X, 7]
ri{x)=7y, ielyfx, 71
Then we have
¢x) < o(x),  x€[0, 5]
¢ = o(%)
Therefore from (16)—(18) we have

(18)

29X <D {H=UEN+ Y «@HU,E7)

iel _[%5]

+ Y BOU,ED)

iel 4 [%51

=f(%, J, UX, y), Uy(iﬂ P) - sign U(%, y)

- ) 4@, & D

iel _[%,7]

+ Y B®|UE D

iel (%]
< a(X, o(%)

In a similar way we prove (13) when (15) holds.
Let x =x, for some k, k=1,2,.... Then we have

¢(xk) = IU(xka )7)| = [U(xk_aj;)l + Ig(xk5 .]7’ U(xk_ a.j;))l
< o(xi ) + 6(x, o(x7)), k=12,... (19)

Therefore all conditions of Lemma 1 are satisfied and we have that
(12) holds, which proves the statement of the theorem. B

3.2. Stability via Lyapunov Functions
Theorem 2. Suppose that the following conditions hold:

1. Assumptions H1-H4 are satisfied.
2. Vis a function of the variables (x, p) defined on R, x R.
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3. V possesses continuous partial derivatives with respect to (x, p)
such that for any solution UeC¥, [E, R] of IVP (1)—(3) we have

E (x’ U(xa y)) + 5 (X, U(X, Y)) 'f(x’ s U(x’ y)> Uy(x7 y))
SGx, p, Vi, U, 1)), Vilx, Uk, p))), x#x, k=1,2,...

av
a—' (xa U(xa y))

1%
( (x, U(x,y)) ( y),--- (x U(x,y)) 3, (x,y)>

GeC(EXRXxR" R)
4. For (x,y,p,g)€E x R x R" we have

G(x,p,p.q) signp — Y a;(x)|qg;|+ Z B (X)g:| < a(x, p))

iel _[x,y] iel ¢ [x,y]

q;=0 for iely[x, y}
5. For yefa(x,), B(x,)], k =1,2,..., peR, we have
V(x, p + 8(X, ¥, P)) — VX, P) < 6(x, V(x, P))

6. The maximum solution w(- ; #,) of problem (4)—-(6) is defined on
R..

7. The function ¢eC([x(0), B(0), R) and V(0,d(y) <1, ye
[«(0), B(0)].

Then any solution Ue C%,,[E, R] of (1)—(3) satisfies
Vix, Ux, »)) < o(x;10) on E (20
Proof. Let m(x,y) = V(x, U(x, y)). Then for x #x,, k=1,2,..., we
have

( ) = (x U(x, »)) +—(x Ulx, y)) - f(x, 3, U(x, »), Uy(x, »))

<G(x, y, m(x, y), m,(x, y))
We have also
m(0,y) <no,  yela(0), B(0)]
As in Theorem 1, we conclude that

m(x,y) < w(x; 1),  (x;y)eE
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that is,
Vix, Ulx, y)) alx; 1),  (x,y)eE. W
Theorem 3. Suppose that the following conditions hold:
1. The conditions of Theorem 2 are satisfied with
f(x,9,0,00)=0, g(x,,0)=0
a(x, 0) =0, 6(x, 0) = 0; (x,y)eE
2. b(|p|) < V(x,p) <a(|p|), where a,beK, xeR,, peR.

(21

Then the stability or asymptotic stability of the trivial solution of
(4)—(6) implies the stability or asymptotic stability of the trivial solution of
IVP (1)-(3).

Proof. Suppose that the trivial solution of (4)—(6) is stable. Let ¢ > 0.
Then given b(g) > 0, there exists 6 >0 such that 5, < & implies

wo(x;1o) <ble),  xeR, (22)

where wqy(-;7,) is a solution of (4)~(6).
By Theorem 2 we have

V(xa U(xs y)) < CU(X, ’10)5 (X, )’) ) (23)

for any solution UeC%,,[E, R] of (1)-(3), @(:;n) is the maximum
solution of (4)—(6).
Choose a positive number §; > 0 such that a(é,) = and assume that

(| <6y, yelo(0), B0)]
This implies that

(0, $(») < a(|$(»)]) < a(y) =6

Choose

no=_sup V(0, ()
»ela(0),5(0)]

From (21)—(23) it follows that
b(|U(x, »)]) < V(x, Ux, ) < o(x; o) < ble)

which leads to [U(x, y)| < & on E, provided that |[¢(y)| < 8,, y e[a(0), B(0)].
This proves the stability of the trivial solution of IVP (1)—(3). It is easy to
see that if the trivial solution of (4)—(6) is asymptotically stable, then the
trivial solution of IVP (1)—(3) is asymptotically stable, too. W
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We introduce the following assumptions:

H5. The function G: E x R x R” — R satisfies

G(xay’ps q) _G(x»)’,Pa ‘_7) + Z a:(x)(qt_qt)

iel _[x}

+ Z Bi(xXg; — ;) <0

iel ¢ [x,]
for (x,y)eS, peR, ¢=(q1,---,44), 4= @1 - - - gu), and
g:<g  for iel_[x,¥]
g, 2§ for iel, [x,y]
q;=4q; for ielyx, y]

H6. The function &(p)=p +g(x,p,p) is nondecreasing on R,

(x, y)eE.
H7. The function ¢: R, x R, —» R, is continuous, a(x,0) =0 for
x€R, and the right-hand maximum solution of the problem

W' (x) = a(x, W(x)), W(0)=20

is W(x)=0, xeR,.
HS8. G satisfies the inequality

G(X, Vs Ps q) - G(X, )’,P_, q) Z —'O'(X,ﬁ ‘"P)

for p <p, (x,,p.9)€E x R x R".
HO9. The function 6eC(R, x R, , R, ) is such that 6(x,0) =0, xeR,
and -

g(x, y, p) —g(x, y, p) = —6(x, p —p)
P=p, (x,y,p)eEXR.
Theorem 4. Suppose that the following conditions hold:

1. Assumptions H3-H9 are fulfilled.

2. Vis a function of the variables (x, p) defined on R, x R.

3. V possesses continuous partial derivatives with respect to (x, p)
such that for any solution UeC#%,[E, R] of IVP (1)-(3) we have

14
B Uk ) + 50 (5 U, ) -5, UG, ) Uy )

<G(x,y, V(x, Ux, y), V,(x, U(x, ), x#Fx., k=12,...
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oV
53/— (x’ U(x9 y))

Yy
4. For yefo(xe), B(x:)], k=1,2,...,peR, we have

oV au oV ou
=(—a; (e, Ut ) 7 (i o (5 Ulx, y)) 5~ (x, y))

V(xka p + g(xks ) P)) - V(xks P) £ g(xks ) V(xks P))
Then, if ZeC%,,[E, R] is a solution of the problem

Z(x, ) =G(x,5, Z(x,)), Z,(x,¥)),  (x, p)el (24)

ZO0, p)=y(y), Yel(«(0), f0), R) (25)

AZ(xks y) = g(xka ¥, Z(xg, y))a ye[a(xk)’ ﬁ(xk)]s k=1,2,... (26)
and

V0, ¢(»)) <¥(y),  yel«(0), B(0)]
we have
Vix, Ux, y)) £ Z(x, y) on E

Proof. Let m(x, y) = V(x, U(x, y)), where U is any solution of (1) -(3),
UeCtL[E, R]. Then we have

m,(x, y) £ G(x, y, m(x, y), m,(x, ),  (x,»)el
m(0, ) <¥(y),  ye[x(0), (0]
Am(xy, y) < g(xe, y,mixg, ),  k=1,2,...; ye[alx), Bx)]

Then all conditions of Theorem 2 from Bainov et al. (1994) are fulfilled
and we conclude that

m(x,y) < Z(x,y) on E
that is,
Vix, Ux,y) <Z(x,y) on E R

Theorem 4 may be used to obtain stability properties of the trivial
solution of IVP (1)-(3).

Theorem 5. Let the conditions of Theorem 4 hold with
G(x’ ys 05 0) = 09 f(xs Vs 0, 0) = 0’ and g(X, Vs 0) =0 for (x, y)EE and let
V(x, p) satisfy inequality (21).
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Then the stability or the asymptotic stability of the trivial solution of
(24) —(26) implies the stability or asymptotic stability of the trivial solution
of IVP (1)-(3).

We omit the proof of Theorem 5.

ACKNOWLEDGMENT

The present investigation was partially supported by the Bulgarian
Ministry of Education and Science under Grant MM-7.

REFERENCES

Bainov, D., Kamont, Z., and Minchev, E. (1994). International Journal of Theoretical Physics,
this issue.

Bainov, D., Lakshmikantham, V., and Simeonov, P. (1989). Theory of Impulsive Differential
Equations, World Scientific, Singapore.

Erbe, L. H., Freedman, H. L., Liu, X. Z., and Wu, J. H. (1991). Journal of the Australian
Mathematical Society B, 32, 382—400.

Kamont, Z. (1979). Serdica, S, 327-339.

Kamont, Z. (1983). Serdica, 9, 335-342.

Lakshmikantham, V., and Leela, S. (1969). Differential and Integral Inequalities, Academic
Press, New York.

Rogovchenko, S. (1988). Periodic solutions of hyperbolic systems with fixed moments of
impulse effect, Academy of Science of the Ukraine, Institute of Mathematics, Preprint
88.8, Kiev [in Russian].

Rogovchenko, U., and Trofimchuk, S. (1986). Periodic solutions of weakly nonlinear
parabolic partial differential equations with impulses and their stability, Academy of
Science of the Ukraine, Institute of Mathematics, Preprint 86.65, Kiev [in Russian].

Szarski, J. (1965). Differential Inequalities, Polish Scientific Publishers, Warsaw.



